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ABSTRACT

An improved technique for handling two-dimensional elastic flow is applied to
several physical problems. The method differs from older methods in that no unresisted
distortions of the mesh are allowed. A much quieter mesh results, and more information
can be extracted from the calculation.

1. INTRODUCTION

The standard method for handling two-dimensional elastic-plastic flow has
been published by Wilkins [1]. In this method the strain rates in a mesh are com-
puted from the velocities and coordinates of the grid intersections in such a way
that only the difference in the velocity or coordinate of points diagonally opposite
one another on the mesh appear. That is, for instance,

€pp = A) (& — %) — y1) — (5 — 2)(¥2 — o)} 1)

Here A is the area of the mesh, the dot indicates differentiation with respect to time
and the grid intersections have been numbered counterclockwise around the mesh,
so that %, indicates the x velocity of the second point. Because the relative displace-
ment of adjacent points does not appear in (1), all the strains, and hence stresses,
are computed to be zero unless the diagonals of the mesh are distorted. Conse-
quently, if one visualizes the grid intersections labeled as in an alkali-halide plane,
the calculation resists only weakly distortions in which the alkali sublattice moves
as a whole with respect to the halide sublattice. This allows unphysical distortions
to appear which must be damped out by use of various artificial viscosities.
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308 PETSCHEK AND HANSON

That there must be distortions which do not lead to restoring forces can also be
seen as follows: in two dimensions there are only four linear components of strain.
On the other hand complete specification of the rotation and distortion of a
quadrilateral requires six parameters. There must therefore be a two-dimensional
manifold of distortions that leads to the same calculated stresses.

While calculating the dynamic distortions of a beam, and in similar problems
solved preparatory to a study of fracture phenomena in rock, we noticed the
unphysical distortions which result using the technique just described, and it
occurred to us to remedy the situation by representing the rigidity of the mesh
more or less correctly. The following section describes such a method and the last
section describes some applications.

II. THE METHOD

Evidently, one ought to difference the equations so that there are no unresisted
distortions of the mesh. We have chosen to do that as follows: consider a quadri-
lateral which was originally rectangular and had its lower left hand corner at
X, Y. Let the lower left hand corner now be displaced to x, y and the point origi-
nally at X + U, Y + V be displaced to x + u, y + v. Expand the present position
as a function of the original position as follows

u=aU+ bV 4 cUV + -
v=dU+ eV +fUV + -

@

We have written down just six parameters in the expansion because this is enough
to specify completely the positions of the corners and is as many as can be deter-
mined by those positions. The term proportional to UV is preferable to one
proportional to U2 or V2 because it maps the edges of the original rectangle into
straight lines and this ensures that the meshes of the distorted lattice fit together
without gaps or overlap.

The coefficients a through f may be found from the coordinates of the grid. That
is, if the intersections of grid lines around the mesh are numbered from 1 to 4 as
before, the one with U = V = 0 is numbered 1, and the original rectangle had the
dimensions L by K, then a through f are found from

u, = al, vy = dL,
uy, = alL + bK + cKL, vy = dL + eK + fKL, 3)
u4 = bK, 04 = eK.

Given a through f, one may compute the displacements ¥ — U and » — ¥ and
from the displacements the strains as a function of position throughout the mesh.
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To compute accelerations, we bisect each mesh in the X and Y directions,
associate the masses of the four adjacent quarter zones with each mesh point
and compute the force by integrating the stress around the circumference of the
mass. To do this the stresses on the line segments U = L/2, 0 < V < K/2;
U= LJ2,K/2 <V < K and so forth are required. These can easily be computed
from the strains, provided proper account is taken of the rotation of the mesh.
To do the latter, we rotated the zone until the line along which the stress was to be
computed, i.e. ¥V = KJ2 or U = L/2 was parallel to its original direction, i.e. the
X or Y axis. This implies a rotation through an angle

4 d+ K2
- 1 & TJRL
§ = tan a+ cK/2 “)
in the former case and an angle
b+ cLf2
= tap-1 2 =<
¢ = tan e ¥ L2 ®)

in the latter. If the rotations are not taken into account, Hooke’s law as used below
will give rise to large fictitious stresses.
After rotation the strain in the x direction along the line of constant V is

€ = (@a+ 3cK)cos 0 + (d + }fK)sin 6 — 1. (6)

The primes indicate that a rotated coordinate system is in use.
The stresses are, in the case of plane strain (no distortion perpendicular to the
plane considered) by Hooke’s law, for instance

oy = Qu+ Al(e + fU)cos & — (b + cU)sin 8 — 1]
+ Al(@ + $cK)cos 6 + (d + 2 fK)sin 6 — 1]. )

Where A and p are Lamé constants and the first subscript designates the normal
to the surface across which a stress in the direction of the second subscript is
exerted.

The corresponding forces are obtained by integrating along the appropriate
half bisector of the mesh to give, for instance

Fyy = f dUay = Q2p + N(e + }faL) cos § — (b + }eaL)sin 6 — 1] 3L
+ Al(a + }cK)cos 0 + (d + $fK)sin § — 1] 3L, ®

where the limits on the integral are 0 and /2 or L/2 and L, and « is 1 in the former
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case and 3 in the latter. Then the force is rotated back into the original Eulerian
frame, that is
Fy, = F,, cos 8 + F,, sin 6,

. 9)
Fy'w = “F,,’y’ sin 6 -+ Fy'm' cos 6.

Finally the force is summed over the eight line segments surrounding the inter-
section, and is used to accelerate the mass centered there. A full set of difference
equations appears in the Appendix.

Physically, the procedure just described appears reasonable. Others have applied
similar, and more elaborate, techniques to problems in statics ([2], [3]). In those
calculations, a square is deformed into a quadrangle, and the forces required at the
corners are computed, for the case of plane stress and Poisson ratio 1/3. Given a
displacement in the x direction at point 3, Pian [3] finds, in an approximation like
ours

fur = —0.2500, f,, = 0.0625, fus = 0.5000, f,, = 0.3125, f,; = —0.1875, )
fy2 = 09f113 = 0-1875:f1/4 = 0.

Here, £, is the force in the x direction at point 1 divided by the product of Young’s
modulus, the plate thickness and the displacement of point 3. In his best approxi-
mation he finds [4]

fur = —027771, foy = 0.09021, f,5 = 0.47229, f,, = —0.28479,
fi/l = 01875:f1/2 = Oaf;IB = 01875:./;14 = 07

so that convergence appears quite good. Our technique, however, does not compute
the force on a corner, but rather the force on a quarter of the zone. Modified to the
plane stress case, it leads to forces somewhat different from Pian’s, namely

Fog = —0.1875, fup = 0, fug = 0.5625, fog = —0.3750, f,; = —0.1875,
fvz = O,fya = 0~1875afy4 = 0.

For static problems with short wavelength disturbances, then, our code will prob-
ably not give the best possible answer. One could of course write the code so as to
use Pian’s coefficients, but it is hard to say which set will give the best answers in a
dynamic problem.

Since £, -+ f.s is the same in all the cases, a simple plane compression wave will
have the same speed regardless of which formulation is chosen. Likewise £y + fz2 »
which determines the shear wave speed, is alike in both approximations. Indeed,
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any reasonable approximation must give the same answers for the pure linear com-
pression case and pure shear case, and give zero for the total force in any static
distortion, so that there is really only one free parameter. Inasmuch as we believe
the essential point to be that the lattice resists all possible distortions, we have
made no effort to optimize the free parameter.

III. ExAMPLES

We have examined a beam 10.5 cm long, 1 cm high and infinitely wide simply
supported } cm from the ends and subjected to a displacement at the center. The
steel was taken to have density 7.84 gm/cm3 and Lamé constants A = 1.185,
¢ = 0.79 megabars. The dilatational sound speed in this material is 0.594 cm/u sec
and the elastic constant appropriate for use in the thin plate approximation (no
stress in one direction and no strain in a perpendicular direction) is 2.2571 which
gives a period for the fundamental flexural mode of 450 p sec, ignoring the fact
that the constraint is not exactly at the end. The point at the top of the center of the
beam was moved downward at a speed of 0.001 cm/p sec for 50 sec and then held
still. Figure 1 gives some results of the calculation. Figure 1a is a plot of the mesh
as calculated by the TEMS code, which relies on the technique just described,
at a time of 150 sec. In order to make the distortion visible, it has been amplified
by a factor 10, that is 10 times the present coordinate of the point minus 9 times the
original coordinate has been plotted. It can be seen that higher modes of the beam
are excited and indeed plots made at earlier times show a ringing with a period of
about 100 u sec as expected for the first harmonic. For comparison Figure 1b is a
similarly amplified plot of the result of applying the POP code which is derived
from Wilkins’ HEMP code to the same problem, and Figure Ic is an unamplified
plot of the same result. A tensor viscosity and a small Richtmyer-von Neumann
viscosity were used in the latter calculation. No viscosity was used in the former.

As another example, a beam of the same material, 0.16 cm high and 4 cm long,
simply supported at the ends, was subjected to a moving load. A force of 10-2
megabars per centimeter was spread out over half a zone (0.02 cm) and moved
with a velocity of 0.1 cm/p sec. This problem, with a point load and in the usual
approximation that the rotational inertia of the beam cross section may be ignored,
has a well known analytic solution ([5], [6]). Because of the dispersion of flexural
wave speeds, a train of waves moving with about twice the load speed moves
ahead of the load, and leads to both upward and downward displacements. This is
probably clearer from the form of Steele’s solution [6] than from the classical finite
beam Fourier series solution [5]. Figure 2 exhibits the formation of the wave train,
as computed by TEMS. In each case, the line above represents the appropriate
analytic solution.



312

PETSCHEK AND HANSON

T

[ S S A S I A A T L B R | T T 1
30 40 50 6.0 70 80 90 100 o 120

10 20 30 40 50 60 70 80 90 100 10 120

7T
T 7T T T T T T T 1 T T T T T T T T T T T T 1
00 10 20 30 40 50 60 70 80 90 100 o 120
Fi6. 1. The deflection of a beam subjected to a displacement at its center, see text for precise

description. In part a of the figure, the mesh is given by the calculation described in the text.
To make the displacements visible, they have been exaggerated by a factor of 10. In part b,
the mesh is given by a HEMP-like calculation with the displacements similarly exaggerated.
The relative motion of alternate mesh points is clearly evident, Part ¢, same as b without exaggera-

tion,
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Fig. 2. The deflection, exaggerated by a factor of 10, of a beam subject to a moving load.
The line above the beam gives the theoretical deflection for a thin beam. The arrow indicates
the position of the load. The formation of a wave train moving ahead of the load is clearly evident.
Part a at 10 psec; b at 14 psec.

IV. CoNcLUSION

The method that has been described, when applied to some elementary problems
significantly reduces the noise in the mesh observed with previous methods. The
application of this method to various problems in seismology and fracture is being
carried out by one of us, and will be published elsewhere.
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APPENDIX. FiNITE DIFFERENCE EQUATIONS FOR THE TwoO DIMENSIONAL
ELAsTic DyNaMics Cobe “Tems”

This description is given in rectangular coordinates.

A. THE CALCULATIONAL GRID AND Mass ZONING

A two dimensional Langrangian grid is placed in the material dividing the
material into rectangles. Figure 3 is a schematic of the grid and a numbering
system for the center and corners of the zones used in this description of the code.
In particular

O=k+31+4 1=kl
@D=k+31—% 2=4ki+1
@=k—41-3 3=k+11+1
—k—31+} 4=k+1,1
Y
4 3

kel

&0

10

k-1

L-t L 24}

X
Fic. 3. The grid and numbering scheme for the difference equations.

The mass at each vertex of the rectangles is calculated initially (at time zero) and
held constant for the entire calculation. This ensures conservation of mass in the
calculation. The mass concentrated at each vertex is taken as £ the sum of the masses
of the adjoining zones. For example:

My = palAL’,
® = Po ‘o (A1)
My, = Hmg -+ mg + mg + mg).
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The masses at the other vertices are calculated similarly. The area of a quadrangle
is taken as

A = (Apg™ + (Ang™
(A" = 3x"(rs" — y4") + X" — 32") + X802 — ya")l (A2)
(AII)@n = 3[x"(y" — ™) + x"00" — Yo + 0" — ya)).
A;and Aj; are the areas of the triangles / and /1.

B. STATE EQUATIONS
The compression at cycle » is given by
. pn _ AO
=[], = ], 43

The code permits the effective bulk modulus to be given by an expansion of the form

a n
Kr — [‘a%] =a+ 26" — 1)+ e — 12+ 4d@n — 183, (Ad)

where the coefficients b, ¢, 4 ... are empirical fits to experimental shock data and can
be found in the literature, for example Walsh et al. [7]. The coefficient a is the
linear bulk modulus of the material. Given one of the Lamé constants and Poisson’s
ratio the remaining Lamé constants can be found for linear elasticity. Poisson’s
ratio is taken to be constant so that the Lamé “‘constants’ are given by

2uv
1—2°

1-2
l-I—vv)’

where p is the shear modulus and v is Poisson’s ratio.

Bt = :—;Ki" ( )‘z‘" ==

(A5)

C. STRAINS AND STRESSES

Consider a rectangle whose original corners were at (X, Y), (X + L, Y),
X+ L, Y+ K), (X, Y+ K) and let the corners presently be at (x, y), (x + I,
Y+ k), (x+ 13,y + k), (x + I,y + k,) as shown on Figure 4.

Now consider a point whose original coordinate was (X + U, Y + V) and whose
present coordinate is (x + u, ¥ + v). Expand u and v as in Eq. (2).

The coefficients a through f can be obtained by solving Eq. (3) which gives

@ = LIL, b*=1J/K, d"=FkJL, e = kK,

(A6)
en = (I — I — I)/LK fr = (kg — kg — k)/LK



316 PETSCHEK AND HANSON

X+l
X,Y+K X+L  x+l, y+Ks
Y+K  y+k,
JUV A
X+,
X,Y X+LY X,y y+k;

Fic. 4. Comparison of undistorted and distorted meshes indicating the meaning of  and v,

The distortion of the grid will produce, in general, both a rotation and a distor-
tion of each individual mesh. As the rotation will lead to strains which, by Hooke’s
law, Eq. (A10), produce large stresses, it is necessary to account for the rotations
separately. In the distorted mesh, a line of constant ¥ has a slope given by Eq. (4).
Rotating the distorted mesh through the angle —@ puts this line parallel to its
original orientation. After rotation through this angle, the point originally at U, ¥V
is at u', v’ where

u = ucosf + vsin 6,

A7
v' =vcosd — usin 6. (A7)
The strains are accordingly
()" = M@_—UU_)" = (a+ cV)*cos 0" + (d + fV)"sin 8" — 1,
(&) = -8—("—31,,—'/)— ~ (e + fUY*cos " — (b + cU)*sin 6" — 1, (A8)
(] n__ 8(0, _ V)" a(u/ — U)" . n n n o
(?’u’w') - oU + oV = (b + CU) cos 6 + (e +fU) Sin 0".
Eliminating the trigonometric functions by use of Eq. (4) gives
()" =@+ cVP+@d+fVPE— 1
0 \n (ae — bd) + Ulaf — dc) + V(ec — bf) n
= —1 A9
= ey ] *9

b+ cUla+cV)+(d+fV)e +fU)]".

‘y'y'm’)n —_ [ \/(a + cV)z + (d +fV)2 £
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using Hooke’s Law, the stresses at a point along the line of constant V are
(Ous)" = @+ D" () + Ny
(ove)" = w"(rye)"

Similarly a line of constant U in the distorted mesh has a slope given by Eq. (5).
Rotating the distorted mesh through the angle —¢ puts this line parallel to its
original orientation. After rotation the point originally at U, ¥ is at «’, v* where

(A10)

' =ucosd — vsin ¢,2
¢ (A1)
v = vcos ¢ + usin ¢;

the strains are accordingly

()" = _a_(g_(%g)_ = (a+ cV)"cos ¢" — (d + fV)'sin ¢" — 1,

() = ﬁ”—{y——V—)-"- = (e +fU)"cos ¢" + (b + cU)"sin ¢” — 1, (Al12)

. 0 -V e — U N
‘)’:',,’) = (v aU ) + (u aV ) == (d+fV) COS¢ *

4 (a + ¢V)"sin ¢™.
Again eliminating the trigonometric functions with Eq. (5) gives

(&) = [(ae —bd)+ Ulaf —dc) + Viec — bf) 1]"
* Vie+fUp + (b + cUy

(8" = (Ve +fUP + (b + cUP - 1), (A13)

()" = [ (@a+ cV)b+ cU)+ (d+ fV)(e + fU)]‘"
' v \/(e + fUR + (b + cU)? ’

the stresses at a point along the line U = constant are

(Om'z')” = (2[1« -+ A)" (ei')ﬂ + A"(etl)",
(A14)
(om’z/’)" = P"(’}’:,v,)".

* The angle ¢ is taken positive in the clockwise direction and the angle ¢ is taken positive
in the counterclockwise direction.
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Occasionally it has been desirable to recover the stress field in the original frame
in which case the stresses in the interior of the zone are defined by

(022)" = (04757)" COS? ‘/’ + (Gu’v')n sin? lﬁ — 2(7y7y)" sin ‘/‘ Ccos ’7[" Al
5
(ow)n = (O'y'w’)n cos? ‘/‘ + (o) sin? l/’ + 2(74747)" sin l/’ cos ‘/‘a ( )

where
Ta'y = (Gy'au' + Ow'u')n/za

(A16)
tan i = (tan 6" — tan ¢7)/2.

This amounts to averaging the rotation and shear stresses computed along the
lines U = constant and ¥ = constant.

D. THE MOMENTUM EQUATIONS

For the dynamics, the stresses are integrated on the quarter zones about the mass
point k, I. For example, the integration is carried out along the dashed line segments
about the mass point &, / in Figure 3.

We must integrate the appropriate stresses along the line ¥ = K/2 over the
segment 0 << U < LJ2 or L/2 < U < L depending on the zone corner bordering
on the mass point. Likewise the integration must be carried out for the appropriate
stresses along the line U = L/2 over the segment 0 < V < K2 or K/2 < V < K.
Either the strain definitions (A8) and (A12) or (A9) and (A13) may be used. We
will use the definitions (A8) and (A12) to correspond to the form in the text of the
report. The integrations in either case are trivial

E)i = [ 1@+ Vile +fU)cos 8 — (b + cU)sin 6 — 1}
4 M@ + cK/2) cos 0+ (d + fK/2) sin 6 — B dU, (A1)
Fyo)i = f% [4{(b + cU)cos 8 + (e + fU) sin 8}]* dU,

where x; and x, are the appropriate limits either x; = 0, x, = L/2 or x; = L/2,
x, = L, and

Fet = [ [Qu+ Mia+ c¥)cos ¢ — (@ +fV)sin  — 1)
£ Me +fL2)cos ¢ + (b + cL/2)sin g — B]*dV,  (AlS)

Eelt = [ [wld +1V)cos § + @@+ cV)sin §iI" a¥,
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where x; = 0, x, = K/2 or x3 == KJ2, x, = K depending on the position of the
zone about the mass point. Then

(Fyy)i = Qu + N5 [(e + ofL{4) cos 6 — (b + acL/4) sin § — 1] L]2
+ A} [(a + cK[2) cos 8 + (d + fK/2) sin 6 — 177 L/2, (A19)
(Fyo)i = pi"[(b + acLf4) cos 6 + (e + ofLj4) sin 617 L/2,
and
(For)i = Qp + X5 (@ + acK[4) cos ¢ — (d + ofK/4) sin ¢ — 1) K]2
+ A"le + fL{2) cos ¢ + (b + cL[2) sin ¢ — 117 K2, (A20)
(Foy)i = p"(d + ofK[4) cos ¢ + (a + acK]4) sin $]7 K/2,

where the subscripts 7 denote the zone centers, for example those numbers enclosed
in circles in Figure 3, in relation to mass point &, /, and # is the cycle number.

a = | for Equations (A19) for zones (1) and (@),
a = 1 for Equations (A20) for zones (1) and (2),
a = 3 for Equations (A19) for zones (2) and (3),
x = 3 for Equations (A20) for zones (3) and ().

As in the text, the first subscript designates the normal to the surface across which
a stress in the direction of the second subscript is exerted. The primes on the
subscripts denote that we are in a frame rotated with respect to the original frame.

We must then rotate these forces back to the original frame to apply them to the
momentum equation.

(Fyo)i = (Fyy); cos 8" — (Fyy); sin 87,
(A21)
(Fw'v)? = (Fv'v')? cos 6" + (Fw'ac');l sin 8%,

and

(Fora)i = (Forw)i cO8 ¢’n + (Fry)i sin d’ﬂs
(A22)
(Fug)t = (Fury)? €08 ¢ — (Fprp)? sin ¢,

581/3/2-11
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The velocities can be computed from the force field by

# = a5 4 [(Frap — (Frade — (Frode + (Frode
+ (Fu'w)a) + (Fy’a:)w - (Fu’x)@ - (Fy’m)@]n Atn/mk,l 5
(A23)
J’ﬁllg y;cl—zl/2 + [(Fv'u)a) + (Fw'u)(z) - (F,,',,)@, - (Fv’v)@)
+ (Fm'y)a) - (Fm'v)w - (Fw’v)a; + (Fw’u)@]” At"/mk,l .

The positions can be incremented by

n+1

gl = xk , + xn+1/2Atn+1/2

(A24)

putl/z fyntl/e
Vit =y oy i A

E. TiME STEP

In accord with the Courant criterion, the time step is taken to be the minimum
over the mesh of

A"t/ = CArntia,
where
Arn+1 An+1/S

S is the longest diagonal of the quadrangle, a is the local dilatational wave speed
and C has been taken to be 0.6.

F. GENERAL

The boundaries of the mesh can be treated as having phantom zones with no
tractions, normal forces or masses. The code will not correctly calculate displace-
ment disturbances with frequencies shorter than the time acquired for a dilatational
disturbance to cross 4 zones. If these disturbances are produced on the boundaries
of the mesh, dispersion of the induced wave trains is observed.

A tensor viscosity has been developed and used with the code.
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